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A tensor can be regarded as a higher-order generalization of a matrix. Let $\documentclass[12pt]{minimal}
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In addition, the spectral radius of a tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}$\end{document}$ is defined as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Analogous with that of *M*-matrices, comparison matrices and *H*-matrices, the definitions of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{H}$\end{document}$-tensors are given by the following.

Definition 1.1 {#FPar1}
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In \[[@CR10]\], Li *et al.* obtained the following result.
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In \[[@CR20]\], Wang and Sun derived the following result.
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Recently, Li *et al.* in \[[@CR19]\] showed the following.
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In the sequel, Wang *et al.* in \[[@CR21]\] proved the following result.
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In this paper, we continue this research on criteria for strong $\documentclass[12pt]{minimal}
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Now, some notations are given, which will be used throughout this paper. Let $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& Z=\{0,1,2,\ldots\},\qquad h^{(0)}=r,\qquad\delta _{i}^{(0)}=1, \qquad\delta_{i}^{(1)}=\frac{R_{i}^{(1)}(\mathcal {A})}{|a_{ii\cdots i}|},\quad\forall i\in N_{1}; \\& h^{(1)}=\max_{i\in N_{1}} \biggl\{ \frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(1)}(\mathcal{A})-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(1)}|a_{ii_{2}\cdots i_{m}}|} \biggr\} ; \\& R_{i}^{(l+1)}(\mathcal{A})=\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}} \vert a_{ii_{2}\cdots i_{m}}\vert \\& \phantom{R_{i}^{(l+1)}(\mathcal{A})=} {}+h^{(l)}\sum _{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(l)} \vert a_{ii_{2}\cdots i_{m}}\vert ,\quad \forall i\in N_{1}, l\in Z; \\& \delta_{i}^{(l+1)}=\frac{R_{i}^{(l+1)}(\mathcal{A})}{|a_{ii\cdots i}|}, \quad\forall i\in N_{1}, l\in Z; \\& h^{(l+1)}=\max_{i\in N_{1}} \biggl\{ \frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(l+1)}(\mathcal{A})-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(l+1)}|a_{ii_{2}\cdots i_{m}}|} \biggr\} ,\quad l\in Z. \end{aligned}$$ \end{document}$$

The remainder of the paper is organized as follows. In Section [2.1](#Sec3){ref-type="sec"}, some criteria for identifying strong $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{H}$\end{document}$-tensors are obtained; as an interesting application of these criteria, some sufficient conditions of the positive definiteness for an even-order real symmetric tensor are presented in Section [2.2](#Sec4){ref-type="sec"}. Numerical examples are given to verify the corresponding results. Finally, some conclusions are given to end this paper in Section [3](#Sec5){ref-type="sec"}.

We adopt the following notations throughout this paper. The calligraphy letters $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\mathcal{H}, \ldots$\end{document}$ denote tensors; the capital letters $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$A, B, D, \ldots $\end{document}$ represent matrices; the lowercase letters $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x, y,\ldots $\end{document}$ refer to vectors.

Main results {#Sec2}
============

Criteria for identifying strong $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{H}$\end{document}$-tensors {#Sec3}
--------------------------------------------------------------------

In this subsection, we give some new criteria for identifying strong $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$\mathcal{H}$\end{document}$-tensors by making use of elements of tensors only. For the convenience of our discussion, we start with the following lemmas, which will be useful in the next proofs.

### Lemma 2.1 {#FPar14}

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}=(a_{i_{1}i_{2}\cdots i_{m}})$\end{document}$ *be an* *mth*-*order* *n*-*dimensional complex tensor*, *then*, *for all* $\documentclass[12pt]{minimal}
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                \begin{document}$1\geq h^{(l)}\geq0$\end{document}$;$\documentclass[12pt]{minimal}
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                \begin{document}$1>\delta_{i}^{(1)}\geq h^{(1)}\delta_{i}^{(1)}\geq\delta _{i}^{(2)}\geq\cdots\geq\delta_{i}^{(l)}\geq h^{(l)}\delta_{i}^{(l)}\geq \delta_{i}^{(l+1)}\geq\cdots\geq0$\end{document}$.

### Proof {#FPar15}
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                \begin{document}$i\in N_{1}$\end{document}$, we have $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& r\geq\frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1} \backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{|a_{ii\cdots i}|-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}|a_{ii_{2}\cdots i_{m}}|}, \quad \vert a_{ii\cdots i}\vert -\sum _{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}\vert a_{ii_{2}\cdots i_{m}}\vert >0, \end{aligned}$$ \end{document}$$ which implies $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& r\vert a_{ii\cdots i}\vert \geq\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1} \backslash N_{1}^{m-1}} \vert a_{ii_{2}\cdots i_{m}}\vert +r\sum_{\substack {i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}\vert a_{ii_{2}\cdots i_{m}}\vert =R_{i}^{(1)}(\mathcal{A}). \end{aligned}$$ \end{document}$$ From the above inequality, $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \leq\delta_{i}^{(1)}=\frac{R_{i}^{(1)}(A)}{|a_{ii\cdots i}|}\leq r< 1. $$\end{document}$$ Together with the expression of $\documentclass[12pt]{minimal}
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                \begin{document}$R_{i}^{(1)}(\mathcal{A})$\end{document}$, for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(1)}(\mathcal{A})-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(1)}|a_{ii_{2}\cdots i_{m}}|}\\& \quad =\frac{R_{i}^{(1)}(\mathcal{A})-r\sum_{\substack {i_{2},i_{3},\ldots,i_{m}\in N^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(1)}(\mathcal{A})-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(1)}|a_{ii_{2}\cdots i_{m}}|}\leq1. \end{aligned}$$ \end{document}$$ Combining the expression of $\documentclass[12pt]{minimal}
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                \begin{document}$h^{(1)}$\end{document}$ and the above inequality results in $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& R_{i}^{(1)}(\mathcal{A})=\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}} \vert a_{ii_{2}\cdots i_{m}}\vert +r\sum_{\substack {i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}\vert a_{ii_{2}\cdots i_{m}}\vert \leq r_{i}(\mathcal{A})< \vert a_{i\cdots i}\vert , \end{aligned}$$ \end{document}$$ that is, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \delta_{i}^{(1)}=\frac{R_{i}^{(1)}(\mathcal{A})}{|a_{ii\cdots i}|}\leq \frac{r_{i}(\mathcal{A})}{|a_{ii\cdots i}|}< 1. $$\end{document}$$

Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& h^{(1)}=\max_{i\in N_{1}} \biggl\{ \frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(1)}(\mathcal{A})-\sum_{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta _{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\} }\delta_{j}^{(1)}|a_{ii_{2}\cdots i_{m}}|} \biggr\} , \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& h^{(1)}\geq\frac{\sum_{i_{2},i_{3},\ldots,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}|a_{ii_{2}\cdots i_{m}}|}{R_{i}^{(1)}(\mathcal{A})-\sum_{\substack {i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{i_{2},i_{3},\ldots,i_{m}\}}\delta _{j}^{(1)}|a_{ii_{2}\cdots i_{m}}|}, \end{aligned}$$ \end{document}$$ which entails $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h^{(1)}R_{i}^{(1)}(\mathcal{A}) \geq & \sum _{i_{2},i_{3},\ldots ,i_{m}\in N^{m-1}\backslash N_{1}^{m-1}}\vert a_{ii_{2}\cdots i_{m}}\vert + h^{(1)}\sum _{\substack{i_{2},i_{3},\ldots,i_{m}\in N_{1}^{m-1},\\ \delta_{ii_{2}\cdots i_{m}}=0}}\max_{j\in\{ i_{2},i_{3},\ldots,i_{m}\}} \delta_{j}^{(1)}\vert a_{ii_{2}\cdots i_{m}}\vert \\ =& R_{i}^{(2)}(\mathcal{A}). \end{aligned}$$ \end{document}$$ Dividing by $\documentclass[12pt]{minimal}
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                \begin{document}$i\in N_{1}$\end{document}$, it follows from ([2.1](#Equ5){ref-type=""})-([2.3](#Equ7){ref-type=""}) that $$\documentclass[12pt]{minimal}
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### Lemma 2.2 {#FPar16}
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### Lemma 2.3 {#FPar17}
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### Lemma 2.4 {#FPar18}
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### Lemma 2.5 {#FPar19}
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### Lemma 2.6 {#FPar20}
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### Theorem 2.1 {#FPar21}
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### Proof {#FPar22}
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### Remark 2.1 {#FPar23}
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### Theorem 2.2 {#FPar24}
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Based on the above analysis, we conclude that the tensor $\documentclass[12pt]{minimal}
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### Remark 2.3 {#FPar29}
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### Remark 2.4 {#FPar30}

From Lemma [2.1](#FPar14){ref-type="sec"}, we can also obtain smaller iterative coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h^{(l+1)}\delta_{i}^{(l+1)}$\end{document}$ by increasing *l*. Therefore, Theorem [2.1](#FPar21){ref-type="sec"} in this paper can be more effective to determine whether a given tensor is a strong $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{H}$\end{document}$-tensor or not by increasing the number of iterations.

### Example 2.1 {#FPar31}
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                \begin{document} $$\begin{aligned}& \mathcal{A}=\bigl[A(1,:,:),A(2,:,:),A(3,:,:),A(4,:,:)\bigr], \\& A(1,:,:)=\left ( \begin{matrix} 15.5 & 0.5 & 0.5 & 0 \\ 0.5 & 20 & 1 & 0 \\ 0 & \frac{5}{6} & 0.5 & 0.5 \\ 0 & 0.5 & 0.5 & 0.5 \end{matrix} \right ),\qquad A(2,:,:)=\left ( \begin{matrix} 1 & 0 & 0.5 & 0.5 \\ 0.5 & 12 & 0 & 0.5 \\ 1 & 0.5 & 0.5 & 0.5 \\ 1 & 0.5 & 0.5 & 0.5 \end{matrix} \right ), \\& A(3,:,:)=\left ( \begin{matrix} 1 & 1 & 0& 0.5 \\ 0 & 0.5 & 0.5 & 0.5 \\ 0 & 0 & 8 & 0 \\ 0.5 & 0.5 & 0 & 1 \end{matrix} \right ),\qquad A(4,:,:)=\left ( \begin{matrix} 0.5 & 0.5 & 1 & 0 \\ 0.5 & 1 & 0 & 0.5 \\ 0.5 & 0 & 1 & 0 \\ 1 & 1 & 0.5 & 10 \end{matrix} \right ). \end{aligned}$$ \end{document}$$
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An application: the positive definiteness of an even-order real symmetric tensor {#Sec4}
--------------------------------------------------------------------------------

In this subsection, by making use of the results in Section [2.1](#Sec3){ref-type="sec"}, we present new criteria for identifying the positive definiteness of an even-order real symmetric tensor.

From Lemma [1.2](#FPar9){ref-type="sec"} and Theorems [2.1](#FPar21){ref-type="sec"}-[2.3](#FPar27){ref-type="sec"}, we easily obtain the following result.

### Theorem 2.4 {#FPar32}
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### Example 2.2 {#FPar33}
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Conclusions {#Sec5}
===========

In this paper, we give some criteria for identifying a strong $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{H}$\end{document}$-tensor or not more effective. We also present new criteria for identifying the positive definiteness of an even-order real symmetric tensor based on these criteria.
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